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The present communication forms a continuation of some researches the first part of 
which was published in Part I. of the Transactions for 1884. # In that paper was 
considered the case of a circular hollow with cyclic motion round it. In the 
following pages the more general case is investigated where the core is of different 
density from that of the surrounding fluid, has a hollow inside it, and circulations 
additional to that due to the rotational filaments actually present. The investigation 

* References to this are in square brackets, thus [I. 5], [T. P.] refers to a paper on "Toroidal 
Functions" in Phil. Trans., Yol. 172 (1881), containing the theory of the functions used. 
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is not merely one of mathematical interest, for the vortex atom theory of matter 
has — so far as it has yet been developed — shown such claims on our consideration 
that anything throwing light on it will be of value. The supposition of a dense core 
may possibly be necessary to account for the different masses of the yarious elements. 

As soon as the existence of a core is postulated the ring at once becomes more 
complex, depending on the density (or even the arrangement of density) of its core, 
on its vorticity, and on the presence or absence of additional circulations. In what 
follows the vorticity has been taken uniform ; this not only greatly simplifies the 
mathematical methods, but is also the case we should naturally choose first to investi- 
gate. In the general investigation the density is taken to be different from that of 
the surrounding fluid. The ring is supposed hollow, with an additional circulation 
round it, and another additional circulation round the outer boundary of the core. It 
is evident that the presence of the former circulation necessitates the perpetual 
existence of the hollow. It is shown that the presence of the latter circulation is 
necessary to render the ring stable when its density is greater than that of the rest 
of the fluid. 

As in the former paper, the investigation is divided into three sections. The first 
is preliminary and deals with the necessary functions and their approximate values. 
The second is devoted to the consideration of the state of steady motion. Here the 
approximations are carried in the beginning so far as to include the second order of 
infinitesimals, but this necessitates in certain parts approximation to the fourth order. 
It has been carried to this order for future work; the reader however may, so far as 
the results of the present communication are concerned, without any loss of intelligi- 
bility, pass over the parts giving the calculation of the highest orders. The third 
section discusses the question of fluted vibrations, of pulsations, and of stability. 

When the motion is steady the sectional centre * of the hollow lies outside that of 
the core. In general (§ 9) if C x is its position (with given outside boundary) when the 
inner additional circulation is very large, and C 3 when the same quantity is zero, C x is 
outside of C 3 and the position of C when the additional circulation is general, is the 
centre of gravity of masses proportional to the added circulation at G 1 and the circula- 
tion due to the core itself at C 2 . When the hollow is just zero, the distance of C 2 from 
the sectional centre of the core bears to the sectional radius the ratio 5r/8a where r 
is the sectional radius, and a the radius of the ring. This, therefore, is the point where 
the hollow begins to form when the energy is sufficiently increased. If with the same 
outer boundary the mass of the core be lessened (or size of hollow increased) C 2 moves 
in and ultimately coincides with the centre of the outer section. The position of C x 
alters in the same manner, only in this case the hollow can never vanish. 

If m be the volume of the core, II the pressure at an infinite distance, fi the circula- 
tion when there are no additional ones, and d, d'the densities, then (§10) a hollow will 

* By sectional centre is meant the centre of the cross-section ; by apertnral centre is meant the centre 
of the aperture. 
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begin to form when the radius of the ring is AmU/^d-j-d'). So long' as the core is 
simply continuous the volume is constant, and therefore the sectional radius varies 
inversely as the square root of the radius of the ring. When there is no core it was 
shown in the former paper that the sectional radius of the hollow remained constant. 
In the general case, after a hollow is formed the sectional radius of the core changes 
more slowly, and the additional circulations add to this tendency. The outer section 
always decreases as the aperture increases, but when the hollow becomes large this 
decrease is very small, and the sectional radius of the core remains almost constant. 
The sectional radius of the hollow also increases with the aperture. In cases where a 

hollow begins to form the sectional radius at that time is equal to <\/l + o" times its 
ultimate value ; <x being the density of the core with respect to the surrounding fluid. 

The expansibility of the ring due to the presence of a hollow has a marked effect 
on the variation of the velocity of translation with increasing aperture, the tendency 
being to make the variation smaller. 

With an internal additional circulation the ring will possess internal energy com- 
parable with that of the external fluid. It will, however, decrease as the whole energy 
is increased. This is of importance for the general theory of gases. 

The fluted vibrations in general consist of two sets of two, travelling in opposite 
directions round the core, the modes being defined by the number of flutings. For a 
single continuous core there are two sets ; for a hollow core without an internal 
additional circulation, there are three sets together with a standing wave (where the 
time of vibration is infinite) ; for two additional circulations we get four sets, the 
times being determined by a biquadratic, which I have not succeeded in solving in 
general terms. When there is no rotational core the motion is always stable. When 
there is a simple continuous core, whose density referred to the outer fluid is <x, and 
no additional inner circulation, the ratio of the outer circulation to that due to the 

core must be > a/ ]~ (2 + <r)/(l + 0"U. When there is no additional circulation, or 

no slip over the core, the ring cannot be always stable unless a-< v // 2. These con- 
ditions hold until a hollow has formed. When there is a hollow and no internal 
additional circulation, the simple ring usually considered is still stable. But if the 
core is denser than the surrounding fluid, it is always stable only when the outer 
additional circulation is larger than a certain critical value depending on the densities 
and the circulations. If it is less than this critical value the ring becomes unstable at 
some point as the aperture increases. When the density of the core is very large, of 
the order 10^ (p large) this critical value is y/f 10 p/z times the circulation of the core 
itself. 

The condition of stability when there is an inner additional circulation depends on 
the reality of the roots of a biquadratic equation, and the general conditions are not 
discussed, but the same property of the outer additional circulation preserving the 
stability clearly holds good. The motion is always stable for pulsations. 

5 A 2 
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These conditions of stability only reach so far as fluted vibrations and pulsations 
are concerned. The question of the stability for twisted and beaded vibrations is not 
considered. J. J. Thomson has proved that simply continuous rings of the same 
density as the rest of the fluid are stable for these kinds of vibrations. The general 
case yet remains to be investigated. 

Some of the simpler results are here collected for the sake of reference. 



(distance of Q Y from sectional centre)/r=—- (1— x-\- log 1/x) . . (38) 
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The general formula for the velocity of translation is given in eq. (44), the following 
are cases : — 
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fi = circulation due to vortex filaments 

jlc 1 = added inner circulation 

ix 2 = whole outer circulation 

p = ratio of density of outside fluid to density of core 

m = volume of core 

r = outer sectional radius 
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r' = inner sectional radius 

x = (r'/r) 2 

r = value of r when the aperture is infinite 

a = radius of ring 

a x = radius of ring when the hollow begins to form 

r Y = sectional radius „ „ „ „ 

V = velocity of translation 

Section I. — Preliminary. 

1. The motion we are about to consider is one of steady motion in a fluid, part of 
which is rotational. If \jj denote the stream function, a> the angular rotation, and p, z, 
the cylindrical co-ordinates of a point, then 

6 2 y{r _.b^yfr 1 bi]r 

• bz* bp 9, p bp " 

Now when the motion is steady the rotations are so arranged that the vorticity is a 
function of the stream line or 2(o/p=f(xfj). For steady motion then w 7 e have 

Before, therefore, it is possible to discuss the properties of any vortex ring it is 
necessary to know its vorticity. The case considered in the following pages is that 
where the vorticity is constant. The methods developed will however apply to any 
cases where the motion is arranged in anchor-ring shells, the vorticity in any shell 
being constant. Here then /(t//) is a constant = A (say). A particular integral is then 
at once obtained, viz., ^=-|A/> 4 , and the general solution becomes [I. § 1]. 

y\t= £Ap 4 +--^= ^(AJk+BaT,) cos (nv+an) 

Since the translator^ motion is uniform the problem may be reduced to one of 
steady motion by impressing on every point a velocity equal and opposite to V, the 
velocity of translation. The stream function for the fluid outside the core will then 

bq of the form 

1 <* 
t// 2 =— ^Vp 3 +— ^=S o A/B^cosnt; (1) 

whilst for the portion of fluid constituting the core it is of the form 

1 06 

i/< 1 =|A / d 4 +-7^^S (A3»+B„T m )cosw« (2) 
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We shall assume — an assumption to be justified by the result— that 

y A. n ix n -j- i-> n I n )j ( A w _ 1 ±l w _ 1 -J- ±>n—i J~ n—l) 

is of order k, or of the first order of small quantities by which the approximation 
proceeds. In this case A n lk n _ Y is of order & 3 , and B.,/B^_ 1 of zero order, in other 
words A„/A of order A 2 *, and B n of the same order as B , but there is no means at 
present of determining the order of A , or A' with reference to B . 

2. The most general case considered is where the core is hollow, and has therefore 
an inner free surface, and an outer surface common with the fluid moving irrotation- 
ally. The cross sections of these surfaces will approximate to circles. Take the 
critical circle (radius a) of our curvilinear coordinates to be that belonging to the 
mean circle of the inner cross section, and for this mean circle let h be h v Its 
actual form can then be represented by the equation 

A=A 1 (l4"a 2 cos 2v+ a 3 cos 3^+*. . . ) (3) 

where a n is of order Jc n . 

The outer surface can be represented by the form 

&=& 2 (l+/3 1 cos'y+/3 2 eos 2^+/3 3 cos c^-f . . , ) ..... (4) 

where, as in the former case, fi n is of order h n . 

It might be thought that it would be possible to represent the outer . surface by an 
equation of the first form, and the inner surface by one of the second form. But we 
have no right to do this, for the inner surface might not contain the critical circle, and 
it would then be impossible to represent it by the second form. To assume that form 
for it would, therefore, be equivalent to assuming that the inner surface contains the 
critical circle of the outer, Now, the outer must evidently contain that of the inner, 
hence the equations above given can actually represent them. 

The mean circle approximating most closely to the outer surface will not be that 
represented by & 2 > hut one which does not belong to the system h at all. It will be 
necessary to know the distance of its centre from that of the inner mean circle. 
Now [T. F., Eq. 6] if R, r, denote the radius of the axial circle, and of the cross- 
section respectively of a tore (u), 

H/r=C a/r=S 

Hence for the inner surface 

radius of cross-section = a/S =2a^ x 

,. '. ,*/,-«"""/ * «x r to second order, 

radius oi ring =aC/S=a(l + 2k l 2 ) 
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To determine the similar quantities for the outer surface let it meet the plane of 
the ring in the points (k\ &"), then 



&'=£ 2 (i-A) 



h"=\(i+^) 



(to the second order). 



Hence 



radius of cross-section=-|-{(R // +r' / )— (B/ — r')} 
radius of ring = |{(B,'— r f ) -{-(W^r")} 



From these it follows easily that 

radius of section =2a& 2 
radius of ring = a( 1 + 2& 2 3 + 2^^) 
and distance between centres of mean cross sections 

= 2a(V-*i 9 +* 2 fr) 

the centre of the outer lying outside that of the inner. 
The volume of the core will be 
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taken over the section. Let us first find the volume of the surface bounded by 
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Along the boundary ^=^(1 H-^ cos v-\-/3 2 cos 2v). 
Therefore to the second order in the bracket 
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Hence volume 

<= 87r 3 a 3 ^ 2 (l + 4& 1 3 +i/3 1 3 + 6/3^) 
or volume of core 

= 87r 2 a 3 {^ 2 -^+4(V~^ 4 )+i/ 3 iV+6AV} =™ (say) .... (6) 

i.e., to lowest order 

m=8v*a*(k 2 *—k 1 *) .......... (7) 

3. The circulation of the ring, taking the velocity through the ring as positive, is 

, . dn dn' 7 7 

A- Ap-r-. -7- dudv 

* ' du dv 

taken over the cross section. Hence by what has gone before, the circulation due to 
the actual vortex filaments of the core is 

The outside stream function is 

^2= — 2^p 2 +— TjjZ^tZ A/R* COS UV 

Hence the circulation of the fluid outside the ring is [I., Eq. 4] 

ft=- 2 ^A '+A 1 '+A,'+...) (9) 

Again taking the circulation round the inner surface of the core, the circulation in 
the core additional to that due to its own rotation is 

^=-^(A +A 1 +A 2 +...)-47rAa^ + 4V) .... (10) 

Cv 

For the sake of greater generality we shall suppose circulations, additional to that 
due to the core, as existing in the outer irrotationally moving fluid, and in the core 
itself. In the case where there is none added to the outside fluid 

whence to the lowest order of small quantities 

== Aq-J ^2 ^2 
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If there are no added rotations A , A' will therefore be of order W with reference to 
Aa 4 . By always taking them to be of this order therefore the approximation will 
still be true when there are added circulations. 

4. It will be convenient here to consider the equation giving the pressure at any 
part of the core, including the case where small vibrations are superposed on the 
steady motion. The equations of motion are, d being the density, and taking the 
motion in the plane of z, x, 

1 Bp Bu Bit Bu 
d Bx St Bx Bz 

1 Bp Bw , Bw . Bw 
d Bz ct ox ox 

Bu Bw , 

T — =2ft> = ~~AX 

bz ox 

Therefore, integrating along a line in the plane of x, z, 

-l[t dx+s £ <iz)=U udx + wdz ^ u (£ dx+ t d \ 

-\-wi -r- dx-{--zr dz)-\- Ax{udz—wdx) 

or if v denote the velocity at any point and v' the velocity along the line of 
integrations, 



1 Bp_^ Bv' l S(^ 2 ) . Byjr 

dTs = ltt + z~Bi~~ &T 



Therefore 



l=f(t)—j>—%D*+Ail> .......... (11) 



where <£ is the flow along any line in a plane through the axis of % up to the point in 
question. It is a function depending in general on the path of integration, but <£ is 
independent of this (is in fact due to the added irrotational motion) and is single 
valued when xjj is so. When \ji is many-valued (as, for instance, in the case of 
pulsations), <£— At// is single- valued. 

Section II. — Steady motion, 

5. Suppose the approximations are carried so far as to include terms in cos nv in 
the stream functions and equations to the bounding surfaces. The constants to 
be determined will then be V, the n— 1 quantities a, the n quantities /3, and the 
coefficients A 7 *, A m B m 3(n+l) in number — or in all 5^+3 quantities. We may 
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regard A' , A as determined by (eq. 9, 10) when the circulations are given, and B 
will be determined by the fact that the pressure along the free surface is zero, whilst 
it is IT at an infinite distance. There remain therefore 5n constants to be determined. 
The conditions to be satisfied are the following : — 

( 1 ) t/j s must be constant along the outer boundary of the core. This gives n equations, 

viz., by equating to zero the coefficients of cos v .... cos nv. along the surface. 

(2) i/^ constant along both the outer and inner boundaries of the core. This gives 

2n equations. 

(3) The pressure must be the same on both sides of the outer boundary. This 

gives n equations. 

(4) The pressure along the inner surface must be constant. This gives also n 

equations. Hence on the whole the surface conditions give 5n equations, 
sufficient therefore to determine the 5n constants. It is therefore possible 
to approximate to any order desired. 

It has already been noticed that A' , A are to be regarded as of the order P with 
respect to Aa 4 . It will be seen later that when this is the case the B are of zero 
order with respect to the same quantity. Hence, if in the approximations account is 
taken of A 2 , the term in which B occurs must be carried as far as B 4 cos iv. It will 
be necessary therefore to carry the latter terms to the fourth order, except in the case 
where the added circulation is very large compared with that due to the actual rota- 
tional motion. This case is therefore a much easier one to discuss than the more 
general one. We proceed to apply the conditions given above to determine i/r 2 , \fj v 
Our method of procedure will be first to express the functions in terms of h, and the 
cosines of multiples of v ; then to substitute the value of k along the surface, and 
reduce the expressions to a series of cosines of multiples of v, whose coefficients are 
functions of \ or h % as the case may be. The conditions a,bove are then applicable 
at once. 

6. The function xjjfr It has been seen (1) that 



1 
xjj^= — xypg-{- — S"A^R» cos nv 



V 



Now, 



W =*a*V(^)"=*a*Vi 



1-iP ) 2 



l+k*-2kc 



=la 3 V(l + 2£ 3 +4£cos v + 6Pcos 2m) 

For later purposes the value o^ (C— c) -i must be carried to the fourth order, and 
then 
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vW 



•v/(C-e) A /(l+ifc»-2*c) 
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= ^/(2k)\ l+i^+A^+^+P 3 ) cos v+(^+i^ 4 ) cos 2v 
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f|F cos 3v+|p 4 cos Av I (12) 



Substituting the values of R given in [I., Eq. 11], 



A'oRq+A^Rj cos v+ A' 2 R 2 cos 2v 
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Now, along the outer surface 
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Suppose that when these values are substituted i// 2 becomes p +p ± cos v+p^cos 2v. 
This gives the value of i// 2 along the outer surface, and since this is constant, p l9 p 2 
both vanish. 

Make these substitutions and reduce, then it will be found that 



^Po=-iA / jL a -2+i(2L a -l)V|+iA 1 -^l+2V) 



a*Y 



""2H ] 2^-o(-' J 2"^r2T2 



i^+iA' A+^ 



A3c 



a/2 



2 



ft 



-\/2 
v 2 



= -iA' (L 2 -2)^+i^-^+i- / 8 1 A' =0 



^2 V" 2 

|Ao(I^-2)V + iA' 1 +^-^V-i(iA 8 -A)A' 



+iA{ -iA' (L,-3)^-^-^ 



-\ 



= 



k> Zt 



!> 



(15) 
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Hence 
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Again, differentiating (13) with respect to h 



1 S^ 3 
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Along the surface this becomes 



1 ipty 
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Further, to the third order of small quantities 
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and along the surface 

A! 2#V] 
= iA , (L 3 --2)+i^-^2-jA a sini; 

+ terms of the fourth order. 

Hence by (15) 

1 u 
—jz ~T^=iA. / /3 1 sin v-\- terms of the fourth order . . . . (21) 

7. The function \b v — The part depending on Ap 4 and B must be carried to the 
fourth order. The part depending on the A* is similar to the expression already 
deduced for \jj 2) without the terms in V. 

=iAa*{l + l2k 2 +&2k*+8k(l + 6F) cos v+ 20^(1 +4A 2 ) cos 2v 

+ 4L0lt?Qoa3v+70k s, Qoa4v} ...... (22) 

>"R T — V, i 1 4_1J2_I_.1_M1 

v^C-c) ° °"~4v((C-c) °* +4 ^ 6 ^ > 

+1P(3 + 2P) cos 2v+-p 3 cos 3w+f|4* cos iv} 

1 SttZ^ 

^^BJ, cos ^^-^(i _^) C os t, 

=^^B^{p+p 3 +(l + iF) cos ^+i£(l + £F) cos 2^ 

+f& 2 cos 3i;+ 1^"^ 8 cos 4^} 

7/(C— c) 2 2 C0S ^ == 32 AC— cr ~"^ ) cos ^ 

157T\/2 

= ~~^ — B^{§F+ <P cos v+ cos 2^+P cos 3i;+-p 3 cos 4?;} 
B0T0 eos 3u= 777—77^ — rBo cos 3t? 



35tt\/2 



64 



B 3 F(-p cos 2^+ cos 3^+P cos iv) 



1 5 79 

B 4 T 4 cos iv^Wx/2- r— A* COS 4tf 



v/(0-c) * 4 "~~" v 2 9 
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Hence ~^-~- (so far as it depends on B) 



A& 4 



->* 



+ 



iB (l +P 2 + /#) + AB#(1 +|F) +- 2 ^W 4 + J^(l + 12P+ 42F) 
'i(B +|B 1 +^)+.|(|B +fB 1 +^B 2 +^f )*»}* cos « 

+Af5B +lB 1 +^B 2 +^B 3 +^^U 3 cos Sv 



y (23) 



7^7 



5.7.9. 



f tU ¥B +15B 1 +«B a +35B 3 +^B 4 +35 X S2.^jA* cos 4v 



TV' 



The next step is to substitute in this the value of & along the two surfaces, which 
will give the value of Wv/ 2 along these surfaces. Suppose for the outer surface it 
becomes 

p -\~Pi cos v+i>2 c °s 2v +p 3 cos 3#+_p 4 cos Av 

The substitution k=k< i (l-{-fi 1 cos v+AjCos 2v+ . . .) being made it will be found 
that 



Pl =f(B 0+ fB 1+ ^)^(fB +tB 1+ ltB 8 +f^ 



37T 



40A& 



12Aa 4 \ 



+^a(b +!-b 1+ ^) 

and the complete coefficient of cos v is found by adding the terms in A*, viz., (15) 

A 
^— g A (L 2 — 2)^2+21 rg-^oPi 

This complete coefficient must vanish. Hence remembering that A is of the second 
order with reference to Aa 4 , it follows that 



o+Pi+- v 7 2 ==^i. ........ 



(24) 



where e x is of the second order of small quantities, and can therefore be put equal to 
zero when multiplied by quantities of the third or higher orders. 
Again, it will be found that 
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_L_3 D Z. 3 /.5TD _L.1."R J_J,5T} I 3.5T3 i 



lT-y/2 



/ 4A<z 4 

and the complete coefficient of cos 2v is found as before by adding 

-i A ( JA 2 - A) - fA (L 3 - 2) V + JA a + ^ -iA { A (L 2 - 3)£ 2 + 1 } 

Remembering the remark as to the order of A 0? &c, it follows that 

B + B x + |B 2 + — — = e 2 (25) 

where e 2 is of the second order of small quantities. 

The coefficients of cos 3v } cos iv are easily found, viz. : — 



f 9,24 A ^ 4 1 

p 4 =8l8{lB +3B 1 +|B 3 +7B 3 +^B 4 +^}v+tp 3 /QA 3 =0 



These equations give, to find the values of B to the lovjest order. 



1B +3B 1 +|B 3 +7B 3 +^b i +^=0 



RO A/7 4 

|B +fB 1 +^B 2 +^B 3 + ^ = 

40A& 4 
4- A^ 4 

B.+IB, + -73 =« 
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These give the following values 



B4 — 6 3^0 



T> _2_"D 

-°3 — 3 5 D 0' 



2.6.08. 
315 • 



2.3.2. 
35 



■R — 2_T> __ 6 4 

^l — 3 ^0 3 



Aa*_ 

TT-v/2 

Aa 4 

V\/2 

Aa 4 
Vv/2 

A& 4 



> 



(26) 



7T 



^2 J 



These values of the B greatly simplify the coefficients of cos v and cos 2v. 
In that of cos v occurs the expression 

513 I 3-D l JL5.-R I MA^_ 
S^O^ 4 D lT 16-°2 r ^ /g 

By means of the above equations it follows at once that its value is l8Aa 4, /(iry/2). 
The coefficient of (cos v)/ x /2 now becomes 



A. 



4 



So also the expression 



4B +^B 1 +^B 3 + 



2^/2 

320AO 4 
Try" 2 



x/2 



occurring in the coefficient of cos 2v is found to be 248Aa 4 /(7r v /2) ? and the coefficient 
becomes 

-iA (iA 3 -A)-fAo(L 2 -2)V+iA 1 +||-i^ 1 JA (L 2 -3)^ + Al 



'2 



h 



2 J 



+ -j^g <%^2 + 4 /2 ^2 + g Pl^2 6 l + ~4 >2 ^ 2 ""^ (^+lPl )\ /2 * 

Now these coefficients vanish both at the outer and inner surfaces — their values 
for the inner will be found by writing \ for k 2 , ^=0 and a 2 for /3 3 . They are 
written down later in equations B. 

The pressure conditions require a knowledge of JcSxp/Sk So far as it depends on 
the B it is given- by (differentiating 23) 



i h Hi 



tjV2 



Aa 4 



i(F+l^)B +-A-(2^H^)B 1 +t|B^H^(3^+2lF) 



7Tx/2 

Aa 4 



+ {iB i(l+V^)+fB 1 *(l+i*»)+«B^+ 



(&+18F) I cos?; 



+ 



5Aa* 



iB F(3 + 4F)+fB 1 F(l+lF)+l|B a P+ffB 3 ^+ ^(^+8**) ^os 2« 



the coefficient of cos 3-v, cos 4v vanishing by what has gone before. 
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Substituting for h y and putting in the terms involving A^ from (20), the value 
along the outer surface is 



1 fc^h 



v/2 SJc 






l^a i z 



J\.Ct 



^eos v 



+(A+iA%^+f«,A^+i r W+^(3iv+¥A*ii«)' 






JzLa( ZJun"~" D )a?o ' 



2A 2 

^2 



cos 2v 



. (27) 



J 



The lowest term in — SxfjJSv is 



v /2{-JA (L-2)^+it 1 +I^+t^}si^ 



Along the outer surface this is 



a/2-! -|A (L 2 -2)^+|- 1 +|eA+t^^ 3 ^in v 



A?c 



+ terms of the fourth order. 



By Eq. (A. 2) below this is 



, „ /\ 4Aa\ A . , x 

fjSjf A 4--^-% ) sin/y ......... (28) 



and is therefore of the third order. 

8. Pressure conditions. — Along the inner surface the pressure is zero, and since it 
is a stream line the velocity must be constant. Denote it by V, then 



U 



3. 



BuJ ^[BvJ \\dnj 



_(C-c)M 



a\ 



m+m 



\ 



Now along this surface 04=0, and therefore h^Jhv is of the fourth order, whilst 
JcSxjj^SJt is of the second. Hence it may be neglected, and 



a 2 U: 



MDCCCLXXXV. 



s Sk 

5 c 
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therefore 



2a 3 U£=(l + 5P— 4kcoav+2lPcoa 2^)& 



8k 



or along the stirface 

— 2a 8 U* 1 (l +«2 cos 2^)=(1 + 5^*- 4& x cos v+2^ 3 cos 2v)k^. 



8k 



Suppose for the moment 



then 



therefore 



Jc-^=q ■\-q l cos ^+^ 2 cos 2v 

2o (l + 5* 1 2 )-22 1 * 1 =-2a 8 U * 1 

%"~ 2 # A + %%k^= — 2a 2 U A 1 a a . 

j (l-3* 1 s )=:-2a*U J 1 
ft- 4*^=0 

qz-Gq h*- a &Q=° 



These give the equations (C) below. 

Before proceeding to introduce the last condition of equality of pressure on both 
sides of the outer boundary of the core, it will be convenient to collect here and 
partly discuss the equations already obtained. They are 



A (no cos v in t/^) 






^2 "f"2Pl( Aq+ " - ^ 



■s/2 



2 



= 



(1) 

(2) 



B (no cos 2v) 



-|A (L 1 -2)V+iA 1 +||+^,A 3 +¥^V+i« a (Ao+^^=0 



""\ 



-g-A (L 3 — 2)% +^A 1 4 

4A<x 4 



A 



2 



+ 



16 

37T 



a/2 
Aa 4 



\/2 

4Aa 4 



V^16 2 3 



e 2^2"H"~4" /2 2 H~2&( ^oT" /2 



X, 2 



1AUAI * -^ ^ 3 )+iA (L 3 -3)^+i I - J^fc 



Art 4 

3 2 y 2 3 







(1) 

(2) 
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C (constant pressure inside) 



2ka\ 



Aa* 



ia {i-(l 1 -i)^}+^a 3 +^ 1 h¥^V' 



_xhjL- 



iA (L 1 +l)^-|f+|eA+ 1 W^=0 



1^(2^+3)^- 



1 

2A 



""^2 a 2\^0 



a/2 

a/2 
4A<z 4 



v 



^(1 + 3^) 



37T 



A<z 4 



y2 V)+ T ^+19^V=0 



(1) 
M2) 
(3) 



Values of A , A v — Subtract C (2) from A (1) and divide by h x 






therefore 



A<z 4 



Now (10) 



^M — 2^0*1 T^ /2 "1 



A 0+ A 1+ A a =-^-^f*<y+4^) 



Therefore to the fourth order 



(l-f^)A =-^-^^(4+l7V) 



or 



4Aa 4 






A 2 (i+¥V) 



or to the lowest orders respectively 



An — 







A 1= 



_ W _ 4Aa4 7-^>. 
ttv/2 ^2 ! 

7 2 | 7-Afl , 



2 7Tv/2 



f- 



4 



(29) 



(29a) 



Value of ySj. — In equations A divide (1) by k lt (2) by h % , and subtract 

i A (L 8 -L 1 )+iA 1 ^-t^(V-V)-l|(A +^V)= 
Therefore 







^ & \ °~^ /2 2 / ^ °( 3 ""-^1/ ~~¥^o(l 



hi 

h 2 
^2 



~"2 /9\*a ""*i /(^ 



*/ 



'•Z. 2 
^2 



-— _1A 



logfj+S/l *' 



•")H^<V-V»(»-£ 



£2 
^2 



5 c 2 
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or substituting for A 









fjb Y a 



p'a 



k* 



_ nr^/2 it y/2 k£ —k^ 



log |+f(l 



kj\ 
V 



4-1 






9 — 



^2 



whence 






h? 



2 ' -{log?+t(l 



Mi + /*' 



&o\ 



*l 



Z> 2 
^2 



1 M /q—^i 2 

4 .. . ,./\^ 7, 2 



Mi 



+ /A 



7, 2 
^2 



• • 



(30) 



Case (1) when there is no added circulation 



A_ *i 2 



Z$L I 7 ^1 9 



= _2 W-^ + l^- — 



Z" Z* 2 __ J," 

% A 2 ftj 



Jc x ' *V 4 



Case (2) when the added circulation is very large 



ft. 



2 



fCc 



log a +1(1 



-fe')}' 



FaZwe q/* <%. — Substituting for A x in equation A (1) 



Aa 4 



JA (L 1 -i)+Je 1 +5^V=0 



or 



7T 

4^= 



— 1 

2 



/i^ 



.7T. 



(X 



\/2 



/£-i U> CI \ ~r . 



/^a 



" ■mImmi 



ft t 2 Jti'a 



4tjV2 ' V-Vwv/2 



7T 



v/2 



J. 2 
I J/ "'I 






/* 



♦ • • 



(31) 



Fa2W o/ C^. — Substituting in C (1), the surface velocity is given by 



ZcPJJfa 



2Aa 4 



Aa* 



™(l+3^)=iA (l+^)+^^H.¥^~ h 



u 



\ 



2Aa* 



Aa* 



" aV2 F ol 2 l )+ a/2 x + 2 a/2^ 1 



_ V 1 

~2/iV2 



/A x a 

7T 



4Aa 4 



4Aa 4 



^(i - V)+^ W +W) - =$s V- is 75 *,« 



Ml 



4^^! 



11 ^^/V| /• • • • • •• • • • ♦ • . • • • * • • \KJ*JJ 



This is the velocity along the surface of the core, not just outside it. 
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Equations B (1) (2) and C (3) become when the values already obtained are 
substituted 



|A (L 1 -l)V+^+|eA 3 +8^^+K(A +^^)=0 
+W A +^? V)+i|{*A (^+3^)+^(9V-¥) 



~N 



\/2 



s/2 



~ ¥PA\3A + /2^2 



|A (2L 1 + 8)V - ^+^»+ 1 9 ^ V- i%(Ao-^| 4 V 1 = 



?■ 



= 



(33) 



Subtracting one-half the third from the first 



16^-iri ~r-A 2 ( 7 „ 2 + 



L j_JL 



3 — V+i« 3 (3A +^V)=0 



V2 



Eliminating e 3 from the first and second 



-fAo Li-M-1- 






h 2 






1 

'8 



a/2 






+ 8^8 ^0 + ^2 % j JBj. 9 ^0-t~ ^ 2 -2 



4A& 4 



v/2 

L 2 
/to 



& 



3 



l£ 



*k 



i L 



4Aa 4 . 



2 +3% )+ / 2 ( 3 "" ! )""4A%( 3A + Jc 2 



= 



. (33a) 



In order to determine V, the velocity of translation, and the quantities a 3 , /3 3 , <%, A 3 , 
it will be necessary to consider the remaining condition, viz., of equality of pressure 
on both sides of the outer boundary of the core. We take the general case where 
the densities of the fluid in the outside and inside are different. In this case, even 
when there is no additional circulation in the outer fluid, the velocities on the two 
sides of the surface will be different. Let dashed letters refer to the outer fluid; also 
let p denote pressure, d density, and let II = pressure at an infinite distance. Then 



^= const -1 



-i (vel)* 



therefore 



j^H-icF.U*. 



If U 3 denote the velocity along the surface inside the core 



p= const.— |dU 3 2 -|- Ad. i/r 



2 
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also 
therefore 



0= const — ^dTJ^+Ad.xji! 

=n-^'U7 



along the boundary. Suppose for the moment that 

U 3 3 ==?+m cos v-\-n cos 2v 
U 3 /3 =r+w / cos v-\-n f cos 2v 

Then the equations of condition are 

d'm'=dm 



d'rt =dn 



Now 



U 3 = 



S 2 



hu) + \Sv) 



21 



— /.Vt 






*i) 



a 






_J_| _!_ J 



Further 



(C -c) 2 _ (l + F-2fe) 2 _ l + 5« 2 --4ft cos g + 2ft 8 cos 2p 

'"" ~~ "~ 2ft 



S 



2ft(I -ft 3 ) 



and along the surface this becomes 

1 



2fc 



{l + 5^ 3 +|A 3 -^ 2 cos v+(tf 1 *-P t +2k ! *) cos 2v} 



Also substituting in (20) the values of A'-,, A' 3 determined from (15) 



/O ^2 5J7, — 1-^- oi 1 "~ (I J 2— 1)% } — 



v/2 a Sft 



~H — i-A- (2L 3 - -5) /() ;+fA ^ 



a/2 
"v/2 +sA 4 2J 



*2 +sA p 1 (/r 2 — ^ 2 ) 



+ J-A / o(I^-¥)-~^+A- 



10a 2 V . . , & 



- & 3 cos V 



l*l(l A ' 



4a»F 



a/2 



gA 2L 3 — 5+ / 



(34) 



- h^ cos 2v 



Hence 



(C-c) 2 /,>h\ 1_ 

a 2 S \ Bk)~ a?k^2 



6a 2 V 



iA' {l + (3L 3 -4)ft/} + ^- V-iA'ojSA 



+ 



+ 



- A' (L 3 _ £)£ s -• 7^- ^+ 2 A-'oA } cos v 

« i A' ( W+ A) + H'o(2L 3 - V) v - ^ V 

- /3^ 3 (A' L 3 — 1+ -~ J I cos 2v 
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Also (21) 



which in the square gives 



(G-cfb± l_J_*/o • 

a 2 S bv~ 2^/2- k,a* ^oPi smv 



A' 2 ^ 2 (l-cos2v) 



16«V 



For the first approximation we shall keep as far as cos v. In this case 



(G 



-of ] H_ 1 



a?S bk a 2 k 2 \/2 



JLA' —I A' (T> — JL\4-^-^— 1A' & 



& 2 cos v 



and in the square 



2a%* 



JLA' 2 - 



A 7 



o 



A 'o( L 2~i) + ^~ ^'o^J} ^2 COS V 



\/2 



or, to lowest orders 



l'= 



m — 



' 2 

8a 4 V ~ ° 



A 



2a% 



A' (L 3 -i)+ 



4#V 
x/2" 



.LA 7 & 

^2 J 



A' 







So, to the first three orders of k, we get from (27) 



v^ 2 bk ~ * A ° + v/2 *» + 



iA (L^3)-^+ ~e 1+ ^ (W+W*) 



> h 2 cos v 



Substituting for e x and A x from (A. 2) and (29) 



1 t 6^ 

a/2 " 






4Aa 4 



|(a +^ v 



v^2 



+ 



9 An 1 + 3 



o *1 



L 2 
^2 



, A^A 

^M 9 



& 4> 



A 



2 



A 



o 



4Aa 4 



£ 



2 



2 



L cos V 



'2 



whence 



(o- c y , &2h i_ 

a 2 S 2 && ~ a% 2N /2 



fl-^-o 



+ -|A 1- 



4A«* , , 
'V/V2 1 



1 — 



i 



J, 2_ 1 A / A _/— % 2 



^2 / H 



4A& 4 
°^^72"^ 



I & 3 cos i; 



and the square is 



2a%* 



1 / A I 7 2 

4\ A + ~/2" A '2 

4Aa 4 



+ (A + /2 *s 



An 1 



^ 2 \ Aa 4 / ^ 



■a^o 



V- 






A — : ^|- a- 2 3 ) !• & cos v 



■)} 
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Hence, applying the conditions (34) 



n— TT^A' 8 =£dTJ 1 9 +Ad('fc-<M- d 



X\)C(/ K>a 



A _L_ I 2 

Hq" ,^ ivc 



16« 4 V\ ° v/2 3 



c^' 



JjCb fCc 



^ OV-ks - 2/H" /o ~~ 2^- yj. 



rf 



2cA 



\/2 






2 J 



A' 



o 



y/2~* 



J ~2^-o( 1 7. J+ '-' 1 



/lq| i 



Z, 2 
^2 - 



\/2 






v^ 3 



8 '*A ° V2 2 



Now (29a) to the lowest order 



and 



A _|_ if. 3 — 

x1q~ X/ ^. A/0 — — 



v 2 



'3 



*V2 + ^2 ^ * ' 



A' =— **£; from (18) 



XJ, 



7*1 



from (32) 



1 Anra\ 

^-^ 1 =AaW-^)-^A (L 2 -L 1 ) from (15, 23) 



__ fju'a 1 

""~4^*"~^2 



"" /o-^-ov-^a"" ^i) 



Substituting, the above equations become 



n— 



vzhfi^ 






-/x 2 a(L 3 -l) + 4a 3 7rV+i/x 2 a^^ 



fCc 



-^{-^(1-1]+ 



2w* 



^ Aa *( x ~v) 

- 2 U A 



Z. 3 



_4^z.3 
o . ^ 2 *» 



The latter is 



(35) 



W^(f- ~ 2L 3+ l)a+4/* a e*WV 



-^i+^'M 



3a, 



Ml — 



V 



v-v 



/* 



\ J 2_ Z. 2 

' i 2 n 

it a 
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therefore 



47ra<i / aoV 



/*a 



^ 3 Wt-2L 2 +1 



~N 



(pl + p) d 



Q £2 i £2 

2& 2 KPlH *1 P* ! ) HP £2 



> 



• t 



tu*i 



/? 3 +#i A 7 / i /\ Pi 



This gives V, the velocity of translation. 
The first equation is 



(36) 



n 



2 



327r 2 a% 3 2 



i<M.*-(ft+*'W+8^ 



d 



+ 



167r 3 a 2 



V 



/^-^i"!^^' )( L 2- L i) 



/u/t£ 



£ 2 Z» 2 

^2 ^1 



or 



32^n={^'-(^ 1 +/)^}^+^+2{^-2^ 1 -^^')(L 2 -L 1 )' 



jjfd 



I? 2 £ 



2 



Another equation between a, fcj, & 3 is found from the fact that the volume of the 
core is constant, ix., (7) 

87rV(1c 2 2 —k l 2 )= volume =msay 
therefore 



4mIT 



■kf 



a 



^i^d'-i^+^'fdUi 



'k*) + K* d - ^ 



^ + 2<{ /*'— 21/ij — 






V 



1- 



h 2 



P ( L 2 — L l) f/*'^ 



Write 



*iW=* 



Then 



4mIT = {^-(^ 1+ ^}(i -ajj+firf-l j + 2^ 



a 



^ 



^ 1- l^) l0 ^ X 



(37) 



To find a 3 , /3 2 , A 2 , e 3 , we must take account of one order higher and the terms in 
cos 2v. This gives another equation, which, with the previous ones (33a), will be 
sufficient to determine them. As we do not require them for our present purposes 
we shall postpone their consideration to another occasion. 

It remains to discuss the results already obtained, viz., the three expressions, which 
give fi l9 V, and the relation between a and the h'a (or R and r l9 r 2 ). 

The formula are, writing x for k^/k£ 



/3 f 1 

0*i+/*') r=~i/w g:+ 3 (i--^) 

/h() it, 



> — All < %■ — 4 



tP 



2 






MDCCCLXXXV. 
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Aira^d'Y = \^d f < 



a 



k 



+ 2L 2 -1 



2 



1+35 Aft 



i^i+^O^j 3 ^! 1 — x—i*!x)— \jl'(1 + x) — U x — j^/AJjf} • • ( 36 ) 



4^n 



<x 



= { /% ,w-( Ml + / *o s a}(i-*)+/*i a ^-i) 

+2/{/* / +(^i- I ^/t / )log^}rf ....... (37) 



Discussion of results. 

9. (Z^). The expression for /3 ] gives the relative position of the internal hollow to 
the outer boundary of the core. The centre of the cross-section of the outer boundary- 
is outside that of the inner at a distance (by 5) 

\ k % 

This is, as we shall see, in general negative. Hence the centre of the inner lies 
outside that of the outer, at a distance whose ratio (y) to the radius (2a& 3 ) of the 
outer is 

fix 



y=-ldl-x+^ 



Substituting for ■ jBJh 



2 



0*i+/*')y=* 



2 



K{ l0 g- + 3 ( 1 -*)} + 2/ i, -j|-l a; -I^ l0 g-}-(^l+/ A, )( 1 - a:: ) 



•— /Cc 



1,,'f 5. 3.™ 



J/*l(l ~ X + lo g " ) + S^ I 2 - 2 



x- 



log - 



1\1 



• • • * * 



* * 



• ft » 



• (38) 



where y v y' are the values of y when /x x is very large, and zero respectively. If 
therefore we know the points at which the centres lie when the added circulation is 
very large, and when it is zero, the actual position is the centre of gravity of two 
masses proportional to the circulations, placed at the corresponding centres. It is 
only necessary therefore to discuss the values of y l9 y' separately. 
When there is no added circulation 



y=ip2- 



T X 

— log - )h 



l—x 



When there is no hollow, x=0, y'=%k r This is the point at which, if the pressure 
be diminished, or the ring be increased large enough, the hollow will begin to form. 
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Again, when \ is uniform, 



1 l 1 1 

^-z= — s -L— 1~— — l p;~ 

dx 4 1-— x (1— x)% ° x 

which is always negative, or y' continually decreases as x increases ; while when x=l, 
y'=0, so that y is always positive. 

Hence, keeping the outside boundary the same, if the mass of the core be gradually 
diminished (or the hollow increased) the centre of the hollow moves in, from a point 
(f & 2 ) th of the radius, towards the centre of the outer boundary, coinciding with this 
last in the limit. 

When the added circulation is very large 



2/i=i(l-^+ lo g~)^ 



This is always positive. When x=l, or there is no rotational motion, 2/x=0, as 
x decreases, y increases, and the hollow moves outwards to the boundary. From 
the formula itself we should gather that when the radius of the hollow is decreased 
to a certain small amount, it will be in contact with the outer boundary, and if this 
were possible the hollow would slip out of the inside of the core into the fluid, and 
there would be two rings formed, one with a hollow only and circulation round it, and 
another with rotational core and no added circulation. But this cannot be asserted 
until we have learnt the connexion between k 2 and a, from equation (37), for in the 
actual case it will be impossible to reduce h x below a certain limit to be determined. 
It is easy to see that y l > y\ 

An idea of the magnitudes of the quantities involved can best be obtained from 
a numerical example. Take for instance the case of a ring 10 cm. radius, and 
radius of cross-section 1 cm. Then Jc%=-£q. Take the three cases where the radii 
of the cross-section of the hollow are respectively \, \> f , we find 

*=T6 /=-055 ^=-093 

of* —— JL 



2/ r =-041 ^=-053 

x=-& y'=<023 ^='026 



The limit when yi=l is found from 



1 

log -=39+35 



x 



or writing 



£ =6 -39 =10 -16 x . 115 



i.e. 



a sufficiently small quantity. 



^=1CT 16 X-115 



5 B 2 
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10. Relation between a, k v k%. — When there is no hollow the volume of the core 
remains constant. In other words, a s k\ is constant. When a hollow exists the relation 
is found from the equation 



^^W-fo+fO^Kl-aH/hM^^ (37) 






combined with that of constant volume, viz. : 

m= 87r 3 a 3 (& 2 2 — k^) 

The first gives the ratio kjk^ the second then gives h x or k 2 in terms of a, and a 
is determined by the energy of the motion, which is considered below* 
In the case where there is no core, 



jtx 1 =/^ / =0, m=0, k^=^ 



and 



// 3 d' 



2>2ir*a*W< 



or 



2akcy 



2tt V 211 



» • » • • » * lOt/Jf 



or, the sectional radius of the hollow remains constant. This agrees with the result 
in[L§9]. 

It is clear that when there is an added circulation this radius cannot become very 
small. For we may write the equation 



Mi 



d 



-i + 2u / lo£- 



4mIT 



a 



{p^d' — (fti-\- p'yd} ( I —®) -\-p\d 



fV 



2^d+2^— io g y d 



Now as x decreases from 1 to 0, the right hand side continually decreases, 
the greatest value is when x= 1 
Therefore 



H ence 



> 



4mII 



a 



-^d'+ii^+v'y+rf-^d 



Hence 



li^d-^lyi^xd log 



x> 



1 



X 



^M 



4mII 



f*i 



*d 



a 



li^d+ 



4mll 



a 



This, therefore, is an inferior limit to x. 
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Now we saw above that y l =^l\ — x-flog ]& 2 . 

In the case where x is very small, the value of y depending on the added 
circulation is 

fi x + /j/ 2(/a 1 -f fi) & x 



and x > 7 



^ 



yU,^ + 4mII 

therefore 

^ + ^2(^ + ^0 ° g \ % 1 ^/ 

When jn^da is large compared with 4mII 



2mII& 3 



if 1 ! 

Hence, the centre of the hollow never approaches near the outer boundary. 
Two or three cases further may be usefully considered. When there are no added 
calculations, /x 1 =0, ju, 2 =//, and 

^=^(l- x )d'+(l+x)d-^hgl] (40) 

This gives the condition when a continuous core begins to develop a hollow. In 
this case x=Q, and 

47 f=^(d+d') 

or 

a _^5L / 41 \ 

Now a depends on the energy and increases with it. Hence as the energy increases 
a point is at last reached at which, a continuous ring begins to develop a hollow. The 
sectional radius r x is then given by 

If a x be the value of a when a hollow is just formed, then in general 

*(d+d*) = {l-x)d'+ (l+<r)d--^. log 1/s, 
or if d'jd^-p 

J (l+p)-=r(l— x)p4"l+^- - 7^7 log 1/^ * ' * * '. • • •■ (42) 
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So also if r be the radius of the hollow when a==oo and r for any other value of x 






(43) 



Where also 87r 2 IIr a =/jt 2 s d! / . 

Hence ^(l+P)— r iV> or when the hollow first forms the sectional radius is 



V< 



1 + /A . 



its ultimate value. 



It will be important to know how the section of the core alters as the aperture 
increases. If r be the radius of the section, r=2ak^ Also m==87r 3 a 3 (P 2 — h\) 
= 2TT 2 ar 2 (l—x). 

Hence 



l_ O. 

a r 1 — # 



0. 



Differentiating (37) and substituting for dx/(l—x) it will be found that 



a( L ■*""£(/} - £_ #X ' mm *tZf /q j ^ // -*- i™ vu f \ t JL 



/^l ^2 



+ 2/^/^ 



# 



V 2 + V( JZ^' — /*! ) lo g 



03 






< ftaV-"0*i+/*') 



2 



(l« a j)+^ 1 5L^ + 2 ^ 1 ^_^)+^log 






a? 



1—x 



x 



dr 



Here the left hand factor is always positive, and the right hand factor is clearly 
positive when x is small whatever the relations between the circulations and densities. 
Hence the section always decreases as the aperture increases, when the interior hollow is 
small compared with the outside. 

When x is nearly = 1=:1 — % say, the equation becomes 



*W+/*i/*'+&a /3 ) 



d 



a 



2z< 



a 



p%i+*{pi-w'+\i^y 



d 



r 



Hence, when z is small, so also is drjda, and it vanishes with -z. In other words, 
when the hollow is large compared with the outer boundary, the section of the ring 
decreases very slowly as the aperture increases. When there is no core at all we have 
seen that it remains absolutely constant. In all cases where there is a hollow the 
section decreases more slowly than if the core were continuous. 

It remains to see how the radius of the hollow itself changes with increasing 
aperture. Here r 2 =xr 2 . Hence 
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dr' dx , dr 

2—= 1-2 - 

r x r 

l—'Xfda 2dr\ 2dr 
x \ a r ) r 

1 f . .da , dr' 

=-Ul— a?)— +2- > 

. # L 7 a r 



Substituting for dr/r 



, j (^ V - G*i + /0 s } (1 ~*) 2 ~ 2^ /(I -*) + 2/^^(1 + a) + 2^ - j^jlog J 



2^ 

r x 



D 



a 



Where D is the coefficient of — 2cZr/r in the equation found above. 

The maximum radius of the hollow will be when x has the value given by 

This is satisfied by x=l. 

It is easy to show that the expression on the left increases as x decreases, and 
therefore that dr/da is always positive. Hence 

The radius of the hollow continually increases, as the aperture grows, up to 
coincidence with the outer boundary. 

11. Velocity of translation. The velocity is given by the formula in (36). If the 
value of /3j/^2 ^ e substituted in the second term it becomes 

4 CT a^'V=^W2L 3 -l-|)+i( Ml -^')( Ml -g / x')c?logi 



id 



f 7>2 lfW + 7 

3(1 _^ W+ l (7 _ 13 ^y + ^__^^2 



« • • 



(44) 



Case I. Where there is no core d=0, ix l =fi , = 9 x=l, /3]i = 0. 



fa 



V=£b(2L-l) 



8tt(i 



» * » * 



(45) 



which agrees with the result obtained in [I. 21]. 

Case II. Continuous core. /x^O, ^==0, x=Q, 'fijlc^ 



9 
4 



/ 6\ 7 

4^a/x 2 (iT=|^ s d'(2L+-J~-/ J c / ^ . . 



. . . . (46) 
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In the simplest case where there is no added circulation at all /a 2 =/ji'. 

=Y~- (L — £] when d=d'. 

1 

In general, when x is small, the most important term is that involving log- . 
It is given by 



^ aH ,,d'Y=Wd' \ 2L.+ * l-f' (U-U) \+h(^-^/)^i-^/)(^-^)^ 



/*1+A*' 



8„ ft V= fl /{(l + ^, ji-)l, + (i_^ ji-jL,} 



+(" 1 +^(i-^ 1 b)(i-^- 1 4;)S 1 »«|. • (47) 



When there is no added circulation at all, and d=d' 

v= 8^j L2+Li -7i^r^ Li ~ L3 V/ •••••• ( 48 ) 

As an example of the use of the formulae let us find the alteration in V, in this 
simplest case, when the radius of the ring is doubled, supposing originally that the 
radius of the ring =10 cm., outside radius =1 cm., and inside =\ cm. 

Since the volume is unaltered, if k 2 , k x be the new values of k 2 , k x 



also since 



or 



where 



therefore 



®\ K 2 — K l ) — ! H H ~~400 160U — 16( 

4 - mEt =2 ^f 1 _^l 0g 1 y 

a ' \ 1—x ° %) 



1 



z 



log 10 *=731(«-l)log 10 e 

= •3174(2—1) 
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whence 



«=1'85 



But 



and 



Now 



K l \ Z 1/ — 12800 

a 3 

* l 12800 x -85 

= •594. 
If the pressure had been so great that there was no hollow at all, then 

OK — fo — 4 o 

and 

These cases are however not comparable, their masses being so different. 

L2. Energy. — The energy will be composed of two parts, external and internal. 
Denote them by E 2 , E x respectively, and let 

= Ji] +1^2 

We need only the lowest order of terms in E x . We can easily, therefore, obtain it 
by supposing the core to be bounded by concentric circles, and the velocity at any 
point to be, V in the direction of translation, and U perpendicular to the radius to 
the centre of the cross-section. The energy will not contain terms in V U. Hence, 
R being the radius of the axis of the ring, 

E 1= = £.2trBd. P W<2rU»+ fyndV* 



= ^(^+f) , " fr +WV 



$^*+$w-*t)+irW-'i') 



= 27T 2 Bd 
MDCCCLXXXV. 5 E 



j-AmcfV 2 
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Now 



A — 



Aa= 



+ 



TT^/2 7T^/2 r^—r^ 



M>' /*' 



4t r KO?{k^ — 'k^) ^(^2 2 "~ r i 3 ) 



Hence 



E 1= = 



iRd 



# 



2 



i^i-li/) 1 °g^+VU-^ , )+^' 2 izf 



f-imc^V 3 



(49) 



Here the terms in jit' are small compared with the others, even in the case where x 
is nearly unity. Hence the principal part of E x is 

1 
E^Rc^i 3 log -=^^(^-1^) 

To the same order E 2 has been found in the paper " On the Steady Motion of a 
Hollow Vortex " [1., § 12]. Using the result there obtained 



E 2 =2 7 rV 2 [U^ 4-|U' 3 V(K 2 -X^+^ 2 )+iR^]^ 



where 



Uo' = 



Jh th 



2 



4:7raJc^ 2irr 



2 



^(L 2 -2) 
Further, since \=l-4(L 2 -2)& 2 2 , r 2 =2a& 2 , R=a(l + 2& 2 3 ) 



4k 



R2 _XaH^=4(L 3 -i)a^=(L 2 -|)r 3 2 



Hence 



Eo=2wfy 



'2 



2 



'^(L 2 -2) + gr 2 (L 2 -i)+iRr 2 V 2 ' 

/4 ' 



d' 



=M' 






47r 2 r 3 3 



4^ 



. . (50) 



where M 7 is the mass of the outer fluid displaced by the ring. The most important 
term in this is 

E 2 =M^(L 2 -2)=^> 2 %(L 2 -2) 



47r 3 r 3 3 



E } is in general of order It? with respect to this, unless there is an added inner 

circulation /x x . 

When there is no added internal circulation, the energy of the ring itself is small 



# See erratum at end. 
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compared with the whole, When, however, there is such a circulation, and when the 
hollow is small, the internal energy is large, and may be larger than the external 
As, however, the aperture increases — or as we have already seen the hollow increases 
— the internal energy will rapidly diminish. The effect therefore of increasing the 
whole energy is to actually decrease that of the core. 

The external energy will, as in the ordinary theory, increase with the aperture. 



S « TTT Cy 77 X7 *7 # * 

ection 111. — omall Vibrations, 

13. The vibrations here considered are (1) when the core is fluted, and (2) when it 
pulsates. The normal modes can be represented by principal displacements of the form 
a n cos nv, together with a series of terms whose amplitudes are (pith respect to k) 
infinitesimally smaller than a n . The time of vibration will be a function of a, h i9 h 2 . 
and may therefore be supposed expressed as a series in terms of h l9 & 2 . It will be 
the aim in what follows to obtain the first, or principal term, in this expansion, in 
other words, — in functions of k l9 h % — 9 \ k% will be regarded as small quantities of the 
first order. To this order it will be found that we need only consider the principal 
term in the normal mode concerned. 

Let the form of the surface at any time be given by 

k=k 1 (l-{-a n cos nv+y n sinnv) 
k=k 2 (l +A* cos nv-\-h n sin nv) 

where a, /3, y, S are functions of the time. 

The motion is then determined by the stream functions already obtained, with an 
added stream function, or velocity potential, to give the small motions. 

In general, the stream function for the vibrations will be many valued. It has 
however been shown (I., § 13) that in the case of fluted vibrations this portion is of 
order k n+1 , and may be neglected. This cannot, however, be done in the case of 
pulsations, and for that the velocity potential 'must be employed. 

Let Xv X2 ^ e ^b- e additional stream functions. 

mi 

1 
Xi= ~77qZ^{ ( a nR»+ B*T„) cos nv+(CR n +D n T H ) sin nv} +e 

1 

X2 =z '~77n — \ ( A'JR« cos nv+CJln sin nv} + e 

where e, e are uniform along the boundary. 

The expression for the pressure at any point of the core has been already found 
(11) viz. : 

| =O+ /(O-0-l(velf+Af 

5 E 2 
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Since it will be necessary to obtain the value of <£, it will be necessary to obtain 
the value of xfj at any time ; that is when the boundaries are given by equation (51). 
This will consist of two portions, one determined by the normal motion at the boundary, 
and the other (e) by the fact that the circulation remains unaltered. 

14. To find the function x it is first necessary to know the velocity normal to the 
boundary at any time. Now since the boundary is not the circle, it is in steady motion, 
the function \p will itself produce a normal motion. This must first be found. Let 6 
be the angle which the boundary at any point makes with the circle u^=u, then 



tan 6- 



dn du 
dn f dv 



l_dh 
k dv 



or smce 



^zzz^l-J-a cos nv-\-y sin nv) 
tan 6=zn(a sin nv—y cos nv) 



(52) 



Now the normal velocity outwards is 



1 byjr dv n 1 b-dr du . ^ 

= — — r- — cos u ~ — sin 

p ov an p on an 



where i//=^ -J~x? ^o being the stream function already found, 
that is small, the normal velocitv is 



Also, remembering 



= — -r-cos 0— Usin 9 
dt 

* m 

= 2ak 1 (a cos nv-\-y sin nv) — ii\J(a sin nv—y cos nv) 
Therefore, along the boundary 

1 ov dv • * 

it ~T =(2^ 1 a4-wTJy) cos nv + (Zaktf — tiUa) sin nv 

p av an 

Then the two sets of conditions give (letters with one dash referring to the inner 
surface, and with two dashes to the outer surface) 



a c 



AH' H +BT' W = -aHJ lv /(2£i)*+- (2^)^ 



w- 



AB'^+BT", = ^a 2 U 3 ^/(2^)/3+^(2^) ! S 



> » 



CR'„ +DT; = -a 2 U lv /(2^)y --(2ife 1 )»a 



CR"„ + DT",,= -a 2 U 2 y(2& 2 )S — — (2^)*/3 



. . (53) 



J 
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whilst for the motion outside the core 



AR" B =-a 3 U' 2V /(2& 2 )/3+- (2k,yS 



n 

3 



CR"„= -a s U' 2V /(2A a )8 — (2k,Y/3 



n 



Denote the right hand members of these by £ 77, £', rf 9 tj 1? r)\, then solving 



A= 






_ -gB // «+7 ? R / > , 



B= 



K/ qv/ _~p// np/ 



with similar expressions for C, D, in g' 9 rj\ 
Suppose now 

e= .— - ^{(AA+BX) cos e+(CA+DX) sin w} 



(54) 



It has to be determined from the fact that e is uniform along the boundary, i.e., 
when £=^(1 + 0^ cos nv-\-y n sin nv), &c.; and that the whole circulation remains 
unchanged. 

If U denote the velocity along u, at a point of the boundary; V the velocity along 
v as determined by \jt alone, and 6 the inclination of the boundary to a (and therefore 
a small angle) ; then the circulation is 



Now 



^=^(A+2A w )+f(U cos 0+V sin 6)ds 
U cos 6+Y siu «=(u„+f '6i)(l -f )+f *». 



<ZU 



dV 



=U n +^r^+^ *>&& 



£?& 



& 



dV . 



Now # is of order bk Also — is of higher order than we require ; for both 



die . 



reasons therefore it may be neglected, and 



dV ( 



(U cos d+Y sin 6)ds=fA-\-~~ k(a cos nv-\-y sin nv) z^ 



2tt 



adv 



since 



CCfC , 



dn a 

dv G — c 



C-c 
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Also 



dV 



o 



dk 



ah 



C2tt 







ol cos nv-\-y sin nv 



d\l r27r 



<2 



C-c 



dv 



die 
2irakcier nu dU, 



a cos'* nv—^- 



do 







S 



dk 



= 4:7raak n +*-~~ 

dk 



and can therefore be neglected except in the case of pulsations. 

Hence A+2AJR*=0 to our order of approximations. The terms in e can therefore 
be neglected except in pulsations, i.e., n=0. 

15. The next step is to determine <£. Now <£ is the flow along any line up to the 
point in question. Choose this line to be the two portions 

(1) straight line v=tt from u=u Y to ti= u 

(2) circle u=u from v=v to v=tt 

The part of <f> depending on t// depends on the path of integration, but is constant, 
and therefore will disappear in (£. Consequently the part depending on x is the only 
portion needed. Hence 



ru 



1 d% dv dn~\ *. f "" 

u Lp dv dn r du]v=7r J v 



i-ndx 

)u\_p dv ] v==7r 
= <£i + <Msay) 






1 d% du d,n f 
p du dn dv 

1 d X 



dv 



U=.t6 



IP 



du 



dv 



U=tl 



Now 



X= 



^/(C-e) 



(L cos nv-\-M. sin nv) (say) 



Hence 



4>i = (-)"« 



■•V(C+i) 



* //2 



Mcfe 



=<->-! V 









* 



\M.dk 



y +v x \/(^+mdk 



Whence, as the lowest terms only are required, and as R^cc k 2 and T^oc k ~*~ 



h=(-y 



V(2A) 



<z 



(CE S -DT„) 



w 



_Fi 
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Again, 



£=vW| 



Therefore 



$2= 



du 



^(2k) 



dL 1 T \ (dM 1irl , 

— f JL ) cos m;+( — — -|M ) sm nv 



du 



du 



Now 



Therefore 



a 

V(2k) 
na 



rtr 



V 



^L 1T \ , /dM. ,,-A . 1 7 

— -|LJcos nv+[ -7-— iM ) sm nvyav 



du 

'dL 
du 






die 2 

'dM. 






J-LJ sin wv+f— — JmVcos m>— ( — 1)*) 






2 



L=AR^+BT W 



L=A^-AB,Wb/^^AT 



\ &£ 



^ 



g-*-« 



=A{(^_i)SP„-iE M }+B{-(^-i)SQ„-|T M } 



=AE B 



2raSP. 



M 



F w+1 "m-i 



—J, 

2 



-BT 



^ 



2wSQ w 



Win— \ W>n+\ 



+ i} 



Now P w /P n+1 and Q^/Q^ are both of order &. 
Also, 

Therefore 

P„ 2^ + 1 , 2ra-l P w _! 



2n 



Pw+i ^^ 



+ 



2C P. 



>*+i 



or to the lowest order 



2w — -=(2n+l)& 



»+l 



So 



2«-^-=(2w-l)& 



Q 



»~1 



and therefore to the same order 



dL 



j ■""" q-Lj "**"- iv\ ilXV^ ™"~" X) X.% J » 



and similarly 



C^^6 






• ••••*•* 



-iM=w(CR„-DT«) 



Hence 



V(2A) 



(55) 



^4.^2= const + { — (AR„~BT^) sin nv+(CH„— DT W ) cos nv} . (56) 



The part of ^ containing -u disappearing with a corresponding term in <£ 2 , as it 
ought consistently with the fact that this part of <j> is independent of the path of 
integration, 
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The values of <j> are needed along the inner and outer surfaces. Hence substituting 
the values of A, B, C, D already found, along the inner surface 



9=~ 



a 



f*Q&' n T" n + R'VT'k) •— 2r)1l' n T' n . g'(R' n T" n + R'VT'n) — 2rj / Bf n T / n 

p/ nn// p// m/ Sln riv-\- p, „ p r/ , cos nv y 



_ 2n+l 2n-l 

Now the lowest terms in R„, T n are proportional respectively to h 2 , h 2 . 
Hence to the same order 



*= 



V2 



& 



V , + *i 3n l /7 %(hh) n 



k^Zk^n €\/h- k **L*k** V\/h) sin w+( . ... ) cos wv 



We shall put for the future 

kto + k** _ Kh\) n __ 

where it is to be noticed that 

p 2 — g 2 =l 

With this notation 

^=— { -KP^h-qiVh) sin ^+(K'\A-gV\A) cos m;} . . (57) 
So along the outside boundary 

<£= — { — (%£y/h—PV\/h) sin nv +(<l£\/h—PV\/h) c °s w} . . (58) 
whilst for the outside boundary in the outside fluid 

cf)= (-"Y] l smnv+r] 1 cosnv) ....... (59) 

16. The pressure conditions. — The expression for the pressure at any point of the 
core has been already found (11), viz. :— 

P 

~~= const +f(t) — </> — \v* + At^ 

At a point near a surface this is 



p 

d' 



«-t + /w-*-i(T J+ ^ + i«)'- 1 (s* + i^ +A ( A+ » 4t+x ; 

=con S t + /(()-*-iU»-u(f6l + ^^) + A(V. -2c«U^+ x ) 
U being the tangential velocity along the original surface. 
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Now 



Hence outside 



and inside 



ilso 



bt— 



u=- 



a 2 U= 



die 



JL H 



A ' 



k 



«*« e e « * » « 



a 2 U=- 



A 







2y2& 



—Aa*k 



dU_ TJ 

die k 



« « ■ c « 



rftfc 



= ^ 2 ^{(i-* L ) cos ^+( 



ASM 



rfw 



2 



M I sin wt; 



• (60) 



(61) 



whence the part of the pressure depending on v is 






Along the inside surface this vanishes. Therefore 



1 { i >^(2^)-^ v /(2^)}+U 1 (U 1+ 2Aa% 1 )y-£S-{i>rv/('^ 1 )-^V(2^)} 



a 



2uVc x 



-A 



4«%! 3 



» 



a- T -4a 3 & 1 TJ 1 y 



= 



N^V(2^)-2Vv / (2^)} + U 1 (U 1 +2ArA)a-<S-{i>M2^)-g>?v / (2^)} 



ft 



2a% 



+ A j L y — 4 a^Uja 



Substituting for £ rj 9 &c, these become 



4Aa a, a+ ^A py+ ^ I J 1 (U 1 -2Aa^ 1 )+^ 1 2 p}y 



% 



71 



+ f2d W U,-2a?- 2 tr i )i8-™"» 






7, 2 






= 



MDCCCLXXXV. 



5 F 
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with a corresponding expression from the second equation. In these equations alter 
the meaning of the a, so as to write a for h^a, y for kfy, /3 for k. z *j3, S for & 3 2 S. 
Further, write u, v, w for U 1 /(2a^ 1 ), U 2 /(2a£ 2 ), TJ' 2 /(2ak z ) respectively. Then these 
equations become 

— A<m+py+{n(np+l)u—nAti}uy+nq(v—ii)l3—q8--n*uvq8=0 [ 

• * /* * \v ) 

pa-\- {n(np+l)u—nAa}ua^Aay—qfi—n 2 qitvfi—nq(v~tc)8=Q\ 

Along the outside surface, we find the corresponding expressions by interchanging 
h i9 \\ a, ft ; y, 8 ; u, v, i.e., put — p for p and — q for q. 
Then 



= — [^{—pfi + (^np + l\v^Aa)nvfi+Aa8+qa+n 2 uvqa—nq(u—u)y} cos nv 

Cv fh 

+ {— Aafi— p8+( — np+l\v— Aa)nv8+nq(v— u)a+qy-\-n*uvqy} sin nv] 



Again 



d f 



a 



(rj\ cos nv—ri l em nv) —W J-jr* bk -{- 



1 b X 



2a?k bu 



+ const 



— — ^-(r/'i cos nv— rj l sin nv) 



■XT', 



AT 

U' 3 (/8 cos m;+S sin nv)+ irjrs/i^hKvi cos w+i? i sin *w) 



2a% 



Substituting for the rj from (54), and altering the meaning of a, ft, y, S as before 



P 4a 8 ,. 



;=— [{)8+w(ft+ l)w 2 /3} cos m>+{§+^(^+ 1)^8} sin^v] 



a 7 ' ?& 
Hence, since the pressure is the same on both sides the boundary 

qa+n*qava— nq(v— u)y— pfi+n{( — np-\-l)v— Aa}vfi-\-Aa$ 

= d ~{]3+n(n+l)iv 2 j3} 
nq{v—u)a^qy+n\uvy—Aa^—ph+n{(—np^l)v—Aa}v8 



~\ 



— _{§-{-n(n-{-l)w 2 8} 



J 



When the waves are travelling in the positive direction round the ring, bk will be of 

the form 

§& 1= :L sin (nv-\-\t) 

S£ 3 =M sin (nv+Xt) 

or 

a~L sinX£ , y=L cos X^ 

£=MsinX* , S^McosXf 
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Substituting these values, and writing p for cV '/d, the four equations of condition 
reduce to the two 

L{pX 2 +AaX— n(np-\-l)u*-\-nAau} — Mq(\—nu)(\-\-nv) = 1 

Y (62a. ) 

2'L(X+^^)(X— nv)~ M{(p+p)X. 2 — AaX— n(np— l)^ 2 — nAav— n(n~{-l)w 2 p} = 



Whence the equation to determine X is 

j?X 2 +AaX— n(np-\-l)u?-\-nAau ? q(\--nit)(\"{-nv) 

q(\-\-nu)(\—7iv) , (p+ p)\ 2 — AaX— n(np — l)v 2 ~?iAav—n(n-{- 1 W 2 p 

17. Case I. — No rotational core. Here the periods are given by 



= 0" 



r ( 63 ) 



X 2 — n(n + l)^ 2 ==0- 



The time of vibration is therefore 



27r {Airak^f "^ 

Ws/n(n -f l)~fi 2S /n(n + 1) [ 



or by (39) ^ ....... , (64) 

! 

2n v / ^(?H-l) 

and is therefore the same whatever the size of the ring. Moreover, when n is large, 
the time varies inversely as n. The ring is always stable for vibrations of this mode. 
The expression for the tirq.e does not agree with that found in the former paper 
[I. § 13]. The reason of this is stated in a note at the end of the present paper. 

Case II. Continuous case. — Here /x 1 =0, ^=0, a==y=0 5 p=l, q=Q, and the 
equations of motion reduce to two 



— (l+p)/3— {n(n— l)v 2 +n(n-\-l)w 2 p+7iAav}fi-\-Aa§=0 
. . . 

— Aa/3— (l+p)8— {n(n— l)v*-\-n(n+l)iv i:i p-\- nAav} 8=0 

Here putting 

bk=h sin (nv-\-\t) 

(l+p)X 2 — AaX— {n(n—l )v*-\-n(n-\- l)w 2 p-\-n Aav] = 0. 

Since the core is continuous 

^= — 4tTrAa%^ 
therefore 



> 



i 



v> 



A/y— — — ^~- _o,, 

5 F 2 
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whence 

3 2v n{(n — S)v^ + (n^~l)w 2 p} 

A "T" _" A—— „ 

l+p . 1+p 

and 

—v±\/{vP + n(l + p) ((n—S)vP + (n + l)itfy) } >^_* 

A= : — ■ : _r~ ' : . . . . (bo) 

1 + p v 7 

In order that the motion may be stable the expression under the root must always 
be positive, whatever value n has, = >1. The least value is when n=l t Hence the 
condition of stability is 

2w*p(l +p)> (1 +2p)^ 2 
or 

^>^ta+p )p ( fi6 ) 

In the ordinary theory where yo = 1 and ii%=fi the ring is therefore always stable. 
When there is no additional circulation the condition becomes p> 1/^/2 or d<d! ^2* 
The ordinary simple ring will therefore be stable even when the density of its core is 
as large as ^/2 times the surrounding fluid. In any case, whatever the density of 
the core may be, the ring will be stable provided it has an additional outside circula- 
tion given by (66). In general the two values of X will be of opposite sign, and will 
correspond to waves travelling with and against the cyclic motion. The positive root 
gives that in the same direction and the negative in the opposite. In the simplest 
cases of equal density and no added circulation the roots are — nv and (n— l)v. 

18. Case III. — No internal added circulation, with a hollow. Here /x 1 =0, t£=0, 
and the equation for X gives one root zero, and the cubic 

(l+jpp)^ 3 +AapX 3 — {n(n—p)v^-{- np(n-\-l)w%p-\~nAapv-\~A.kfi}X 

—nAa{(np—l)v 2 -{-(n-{-l)iv^p~\-Aav} = 



in which since 



2v 



j\.a' 



1—x 



Denote the cubic by 



X 3 + 6X 2 + o\-\- d=0 



We shall first investigate the siems and finiteness of the different coefficients, and 
then pass on to the question of the reality of the roots. 

, Aap 2vp l—x n 
})—' __--- «... — d- ^ _ — _ — _____ 

1+pp 1— # l—x nJ r{l+X n )p 
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Since 



p~ 






U« Tr,%n 1 

tin ^1 -L 



# W 



Further denote 1+^+ . . . 4^ -1 by X^ and (l—x n )+(l+x n )p by j£. It is to be 
noticed that since x lies between and 1, these quantities are both positive and finite/ 
"With this notation 

0= tj- V 

Jn 

and is always negative and finite. 
The second coefficient is 






1+PP 



{np(n+l)iv^p+n(n~p)v% -\-nAapv+ A 9 a 2 } 



After some algebraic reduction this may be put in the form 






f n L. 



(l+af t )n(n+l}u^p+(l - x)v*t n - 1 



2r + 3\ 3 



>x' 



Here c is always finite and negative, 
The third coefficient is 



d= 



nAa 



1+pp 

2nX 



{{n+l)w*p+(np—l)v 1i -\-A.av} 



^n 



Jn 



(n-{-l)(w^p—>v 2 ) + 



2n 






>v 



2 



V 



which again, after some algebraic reduction, becomes 






This is always finite, and iiitvPp>v 2 it is also always positive* But if w®p<v 2 it 
becomes negative for values of n less than a particular value, depending on the value 
of w^p/v* 1 . 

The conditions that 

shall have real roots are 

i. lr > >oC 
ii. 6V-4c 3 > (4& 3 — 18&c+ 27d)c* 

We have already seen that c is always negative. Hence the first condition is 
satisfied under all circumstances. 
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The second condition is 

-4c 3 +Wc*+l8bcd-£b B d>27d* (67) 

Here every term is positive, except when %o 2 p<v 2 . Treating this as an equality, 
and writing vfip/v 2 =y 9 we get a cubic equation in y. Let the roots of this be a, B, y 
in order of magnitude. The inequality may then be written 

(y-*)(y-£)(y-y)>o 

Hence, either y>a or between /3 and y. 

When the central hollow is very small, x is also very small. If x=Q 

h = — — *- -v 
1 -f p 

1 

JL -f* p 

d= { (n+ 1 )w 3 p+ (n — 3)v 2 } 

In this put for the moment n(n+l)uflp/v*+n*—3n=2£ 
Then 

4 
and the above condition becomes 



or 



whence 



f-( 8+4 ' > -2(^ij)^+( u+i6 ''+v-if,y+^7 ) *>o 



In this case the two roots a and /3 of the cubic in y become equal, and the condition 
of stability is 



n(n-{- 1 W 3 p+ ^(^ — 3 V 2 + 7 > 

This is always the case when n>3. 



or 
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When n=2 

^P>£ Pj rT, v2 • ( 68 ) 

' b(p+l) 



Whenw=l 



2W *P>{ 2 -^1 



|t> S 



or 



w% P>7rr — Tt^ 2 (69) 

^ 2(p + 1) v ; 

To n=l corresponds a vibration of the ring as a whole about its state of steady 
motion, whereby it describes a circle, without change in cross section, round its mean 
position. Instability therefore for n=l actually means instability in ■ steadiness, 
whereas instability for n= 2 means instability of form. 

For a ring of the same density as the fluid, and just at the point of forming its 
hollow, the condition of stability of steadiness is w <l >^v % , and for stability of form 

For a ring with a very dense core, the corresponding conditions are w % p>\v % and 
w^p > ^ 3 . 

When the hollow is very large x is nearly equal to unity. In the case x = l 

b=—nv 

c= —n(n-\-l)w 2 

TV 

d= — {(n-^l)w <l p — 2v^}v 
and the equation to find X/v=y becomes, writing vfijiP—z 

y % — ny*— n(n+l)zy+n?Un-\-l)z-~~- < =0 ..... (70) 

When p is infinitely large (density of core infinitely small) the roots of this are n, 
and ±\/{n(n-\-l)z}. The last two agree with the result obtained for a hollow only, 
as might be expected. Hence, when the density of the core is small the ring is 
stable when its aperture is very large. 

When p=l and 3=1 (the ordinary case treated), the roots are — n and n^^/n. 
This is, therefore, also stable when the aperture is large. 
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The condition of the reality of the roots of equation (70) is 



4:n%n+l)h s +n%n+l)W+l8n%n+l)\(n^ > 

>27n 4 \(n+l)z' 



213 
P 



or 



(w+l) 3 z 3 — 2n(w+l)V+w(n+l) [n-\ — )z— 



18\ 2w 2 27% 



>0 



PI P P' 



For all values of n. This may be written 



n 3 z(z— l) 2 +w 



2 



\ PI Pi 



1 P P" } 



-+z 3 >0 (71) 



Gall this expression Y„. 

Then the condition for stability of steadiness is Yj > 0, or 



z( 2 -l)8+.{ z(3z-lV(z-l)+-z-- 

/ P P 



L + J 3z 3_2 2 2 + ~2- 2 ^ 



■ +z 3 >0 



and 



Y w -Y 1= (n-1) 



(rc 2 +M+l)z(z-l) 3 +(n+l)-U(3z 



l)(«-l)+-z 

p p 



1 8 
+ 3.S 3 -22 3 + -2 



27 
P 2 J 



= (n-l) 



(^ 3 + n)«(j& — i y + ^ " 



P P 



>-*+Y l 



Here ?i~ or >2> Hence, if p>l 

Y,-Y 1 5(n-l)[ll^rH62+4+Y i ] 

and Y x is positive. Hence Y w >Y r It is therefore only needful to determine the 
condition of stability when %=1, which is given above. It is 



When p=10 _1 this is 



\ P / P P" 



» ♦ » « * y/'JiJ 



for p=10 



d 



(s — 5.2 . . .)(z*+4.2 . . . *.-f6.5 * . >)>0 



2^-28)(» a +27*+l206)>0 
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and in general when p is very small =10"^ 

2;=|X10 3 
or 

w/v=10» v / f= 1 ' 2 2XlO» 

Coming back to the general equation of condition, it is clear that, since w Q p s occurs 
on the left with a positive coefficient, whereas the highest on the right is w 4 p 2 , with a 
given value of x } it is possible to satisfy the condition of stability in the state of the 
ring defined by x t by taking uPp sufficiently large. If then w 2 p be very large, the 
ring would be stable up to a considerable value of .a?, but as the aperture increased, a 
point might be reached at last where it would become unstable. These considerations 
apply to any value of p. When x is very small the equation for X/v becomes 
(writing y— \/v, w^p/v 2 =z 2 ) 

l -f~ p l -\~ p 1 -f* p 

One root of this is 2 ; the others are given by 

which gives the roots already found in Case II., as was to be expected. The solid 

ring has two periods, whereas just as a hollow begins to be formed it suddenly 

possesses two additional ones, given by \=0, and X=2. It will be interesting to see 

how these are introduced. To do this we must have recourse to equations (62a) and 

determine the amplitudes of the inner and outer vibrations respectively corresponding 

to any given value of X. 

Taking the second of the equations (62a) and putting therein u=0, x= small, we 

get 

2L\(X~ nv)-M{(l+p)\ 2 +2v\--n(n+l)w 2 p-- n(n-3)v*} = 

with the value #=0, Hence M=0 unless X is one of the roots (65). In other words, 
as the hollow forms the outside vibrations are not immediately affected, but the 
internal vibrations introduce two periods peculiar to themselves, one standing vibra- 
tions (X=0) and another (X=2i>) travelling in the direction of the cyclic motion with 
velocity 2v/n=2\J/rn, where r is the radius of the outside surface. 
19. In the general case 

(pX 2 +A.aX— n(np+l)u 2 -j-nAau}{(p-\-p)\ 2 -- AaX— n(np — l)v*—nAav-~n(n+l)v?p} 

— g 2 (X 2 — n*u?)(\ 2 —n 2 v*) = 

MDCCCLXXXV. 5 G 
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When reduced this is the biquadratic equation 

k*+b\ s +c\*+dk+e=Q 
where 

b=Aap/(l+p P ) 

c= — {(n*+np-+n(np-\-l)p)ii?-^- (n*~np)v*-i-np(n~\-l)iv 2 p 

— n(p + />) Aat£ + npKav + A 2 a s } /( 1 +p/>) 

d=ka{n(np+l)u % —n(np — l)v*~nKa(tt+v)—n{^ 

e=n\(n*—l)uH^+(n+l)(np+l^ 

— (n + 1 ) w 3 /> } — A 3 a 3 uv\l( 1 +p/>) 



Now 



p=— 47rAa 3 (& 3 2 — ^ x 3 ) = — 47r Aa 3 & 3 3 ( 1 — cc) 
^^i^il^.;— ^— — iAa(l— a?) 

87m%, 2 87ra 2 kc? 2 V ' 



2 """""8 



therefore 



or 



/h /h 



v=xu—^ka{l—x) 



Aa==- — (ajw— v) 



therefore 



A& 2 b ft' 



v 1 — a? /^ 4- /// 

^_ Ah V_,' /h 
Mi + /^ r ^i 3 #(/h + /// 



i? Mi + M 



If then \/v=y, the equation for y is 



2/M" &2/ 3 + ^2/ 2 + cfo/+e= 



where now (writing /*7(/Ji +/*')> &c. =/*', &c.) 
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b = - 



V/> 



-\ 






(1 - x)(l +pp) 
— \ {n % ^np^n{np-\-l)p)^-\-n % —np>-\-np(n-\-\)pp^ 



3 



, „.. P + P > 2np , V 3 
+ 2» — :m — : p, +jz 

„/i x)' ' 1 —x ' (1 —a 



d= 



2/w 



(l-x)(l+2> P ) 

2 



W 



6 = 



1+pp 



(^i)-(^+i)J+(HiWr£(i+ 



i+pp 



X 



(n*-l)^+(n+I)(np+l)^ W 



x 2 " x(l — x) 



(np-{- 1) — - — -np+ 1 



-fa+iWV> 



4/^- 



'2 



#(1 — -#) 2 _ 



(73) 



The general investigation of the question of stability would be very laborious, but 
it may be useful to put down the values of the coefficients when the aperture becomes 
very large, or x= 1. They are 



In which 



6= 



— U[l 



!=— ^(n+l)^2 S ""( nS + ~)/ x l 



n*fi' 



d=-^{(n+lWp- H , 1 (l+ l * 1 )-2} 



e 



= wVi|(w+l)^ 1 /t 8 8 — f (l + /*i) 



f*l+f*'=l 



(74) 



20. Pulsations. — Let the pulsations be given by 



k=k 1 (i+^ 



k=k ii (l+'rj) 



Then since the volume of the core remains unaltered 



h*£=h\ 



Since the stream function is now many- valued, it will be advisable to use the 
potential function for the part of the motion due to this : denoting it by <f>, it is of 
the form 



<£=VC-c{AP +BQ } 



5 G 2 



776 
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where A and B are constants determined by the equation 



b(j> du 
bit dn 



: vel. inwards at the two surfaces 
dn_dnduj & n t£ j *\ 

rJ-h fill rJ Z* /7i/\ 3 '/ 



dt du dk 



du 



Hence 



bu 






(G-o) 



Now 



bcf> 

bib 



S (AP +BQ )+ v /(C- C ){A < f+Bf ( 



2^/(0 -c) 
A 

= Av/2 







<ZP 







+ 



SP +2(C-o) dttJ i 2v /(0-c; 
to the lowest order. 



B 



SQ +2(C-c) 



du 



Hence 



Therefore 



A^/2= — la%*£. 



4a?k 2 



ilV 



^=-2 v /2a^ 1 V(C~c).^P (75) 



Again the circulation is unaltered. A term must therefore be added to \Jj ; let it be 
denoted by x- Then x I s °f the form 



X= 



V(0-c) 



2{A K +i3 l + . . . j 



The circulation of this is 



- 7r ^SA 

a 



But the circulation of t// round the new boundary is 



V+^dkJ27rr. 



Along the inner boundary this is 



= AirakJJ^ — SirAa^i by (6 1 ) 



Hence since the circulation is unaltered 



-8 7 rAa 3 ^-^ 2 A =0 



a 



A =-4 v / 2Aa%z£=-4^/2Aa%* v (76) 
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For the pressure condition we require the stream function. Now 27r\jj is the flux 
across any diaphragm with circular boundary through the point in question. Take it 
to be the annulus v=it, from u=u l to u=u 9 and then the portion of the tore u=u 
from v=it to v=v. We need only to find the part of \\s due to <j>. Now <j> produces 
no motion across the annulus. Hence 



^ , , f ff b6 (lit! ^ dn' 

T iv bu dn ' dv 



or 



\fj'=z—a 






dv 



=4a?k{ 2 g{7r--v) 

» 
= &a?kc?y)(Tr—v) (77) 



which is many- valued, as it ought to be. 
Again, we need the flow due to ^. This is 



9=] 



1 by dv dn~] 7 , [* 
p dv dn f vjv=ir ' " iv 



1 b% du dn f 

p bu dn dv \ u 



u 



lb 



X 



J V 



p bv__ 
p bu 



v=zir 



du+\ 



p bu 

mm* **■ 



dv 



1t=U 



dv to lowest order. 



UsrU 



2(0 -c)* u 4(C-c) 



= -|{-VPX*L-D+i}(-.) 



A, 



dv 



:?/ 



= 4Aa 3 ^ 1 2 ^(7r—v)=4Aa%/7;(7r— v) (78) 



The pressure is given by 






£ 
ri 



AfcO.**! 



\ 



F(«)- 



% bv dn+du, dn) + ^9+^ + 9 -tX) 



2^% 626 



6& 



778 
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keeping only the most important terms. Substituting the values already obtained 



P. 

d 



F(*)-iUM-At/» 

+ U(U +2 Aa*k)g- 2TJAa%£ 
+A{-2a*kUg+4:a%zg(rr-v) + ±Aa%%L-2)g} 
=¥(t) -iU 2 + A»/»+ 4a 3 VL£+U(U -2Aa*k)g +AA*a%%L- 2)f 



Hence along the inside 



m-Wi'+Mi+^%<^+^\A.%L 1 -2)a^+ 



Uj 



|3_ 



Ux 



2afa I 2ah 



Aa 



-^=0 



Whilst along the outside boundary 



d | Ft- LU 2 3 + At/» 3 + 4a%^+ 4a 2 { A 3 (L 3 - 2)a 3 + 



V A*-^-Aa 



,2a& 2 ) 2alccz 



m 



U' 



d'\ ia*L^+mi±%*£ 



ZiClrCc 



Remembering that the large terms have been already annulled, we get by sub 
tracting the two equations and writing £ for k^g, &c. , as before 



(L 3 -L 1 )^+{A 2 a 3 (L 3 -L 1 )+^-tt 3 -Aa(v-«)}f 

d' 



d 



{L 3 M-^} 



or 



rL 1 +(^-l)L 2 \$+Lv^-(v-u){v+u-Aa)+A z a%L 1 -L. 2 )\g=0 . (79) 



d 



d 



whence (if p=d'jd). The time of pulsation is 



2ir 



V 






pw 2 4- A 2 a 3 (L x — L 2 ) — (v — u) (v + u — Ajol) 



(80) 



The numerator of this is always positive. Hence the condition for stability is that 



pw*+AW(L l -l 2 )+{v--ii)Aa>v*-u 



»/2 
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"When the added circulation is in the same direction as that of the core— as has 
been supposed throughout, v > u. 

If there are no added circulations, ^=0, w=v } and 

v=-iAa(l-^i=-^Aa(l— x) 
and the condition of stability is 



>1+ _i 2 log 1/g 

X.—-~'00 ( JL ~~~~9C) 

The maximum value of the right hand member is when 

1-f a? , 2 loga? 



x(l-xy^{l-xy 
or 

1 — x 2 + 2x log x= 

whence x=i 9 which makes the condition become 

/>>0. 

Now x is always <1, and since p is always positive, the condition is satisfied. 
In general 

Uo / fin 

%Q — *— = — — — 

^ = — — - — 

87ra 2 & 3 2 
%i-=. — — — 

Also 

Hence condition of stability is that 



> v.(i-i)+(4 {^(i+;)+i>'}+ vKft^-ij+^-M 



,logl/x " 

(i~xy 



When x is small the right hand side is evidently negative and the condition is 
satisfied. When x=l the right hand member is 0. 
Consequently 
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In general 



^v>^ 2 (i-i)+w(i-J)+^(i+ r ^+ 2l0g " 



■x (I—a?) 2 , 



all these terms are negative. Hence the core is always stable for pulsations. 
Substituting for u, v, w the time of pulsation is given by 

For a coreless ring this is 

167r 3 a% 2 / , 4 
A/ log 

which agrees with the value obtained in [I. § 14]. 

[Added April 3, 1886. — The cubic giving the times of vibration of a hollow ring 
of the same density as the fluid, and with no extra circulations, can be solved. The 
equation is 

y-\-~ — -( n—z* 1=0. 



1 ™n 



o n(l+aP) . 2(1 -O 
W* ^ — — - + 



1—x (1— #) 3 J^ 1— x\ l~-x 



1 — X 

The roots are 

1— a" 



2/= -«> i 



K3* a/{(-+S)'-i^(-t 



•a? 



4tt / » • -i 

The corresponding times of vibration are -, where r is the radius of the section.] 

it/ 



Errata in Paper on " Steady Motion and Small Vibrations of a Hollow 

Vortex," Phil. Trans., Vol. 175. 

1. Page 188, line 6 from bottom, the coefficient of ¥ in U is wrong, since the full 

value of %jt was not substituted. 

2. Page 191, line 4, for 1 — 2*? read 1 + 2P. 

3. „ „ 6, for (L— f) read L— ^. 

4. „ „ 7, the coefficient of W is f(L— ^f. 

5. In § 13 the effect of the surface velocity in modifiying the normal motion of the 

wave motion has been neglected. The time of vibration there given is 
therefore wrong. The correct value is given in the foregoing discussion in 
5 17. 



